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methods use a projection of an assumed circular orbit of the satellite on to the
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however, some noticeable differences in computed values of times of elongation
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Hyperion (eccentricity 0.104) there are differences in calculated times of
elongation of up to 10 hours. We explain and justify these differences.
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Approximate Ephemerides and Phenomena of Natural Satellites
D.B. Taylor and A.T. Sinclair
1. Introduction
The Astronomical Almanac (AsA) and The Handbook of the British Astronomical Association (HBAA) both
publish times of elongations and conjunctions and tables of ephemeris data for the natural satellites. The
algorithms used by both publications to calculate the data were devised many years ago, and are no longer
best suited to current computing methods. Also the basic satellite orbit theories used to compute the
ephemeris data are in need of updating. It happens that both publications have embarked on a review of
these procedures at about the same time , with one of the authors (DBT) being involved in the AsA review,
and the other (ATS) being involved for the HBAA. It seemed sensible to combine these efforts, and to aim
for consistency of methods between the two publications.
The apparent position of a satellite relative to its planet is described by the position angle P measured from
North and the angular distance s (see Figure 1). The AsA and the HBAA provide tables of position angle
and scaled angular distance over a single orbital revolution for each satellite, together with a table of
multiplying factors, so that the single revolution table can be used for any orbital revolution in the year. The
structure of these tables has been very carefully designed, and we do not propose to alter it, but we are
proposing to change the method of computing the data in the tables. Tables of this form appear in the HBAA
for the satellites of Saturn, and in the AsA for the satellites of Mars, Saturn, Uranus, Neptune and Pluto. (A
different and simpler scheme is used for the Galilean satellites, in view of the fact that their orbits are always
seen virtually edge-on from the Earth.) These tables of position angle and distance are designed to be
sufficiently accurate for identification purposes, and are not intended for precise comparison of observed
positions with theoretical positions. The AsA includes some additional tables giving satellite positions to
higher accuracy, but it is intended to remove these from future editions, and instead provide precise
positional data on a Web page (see section 5 on Mixed Functions below).
2. The traditional method of computing the apparent orbit
2.1 Calculation of times of elongation and conjunction
The apparent orbital path of a satellite is the projection of its almost circular actual orbit on to the tangent
plane (i.e. the plane normal to the line of sight from the earth to the planet, at the distance of the planet).
This projection is elliptical in shape, with the shape, size and orientation of the ellipse varying slowly with
time, due mainly to the relative motion of the Earth and the planet. Figure 1 is a typical plot of the apparent
orbital path of a satellite. The positions of the elongations and conjunctions are marked. Note that, for
example, eastern elongation is NOT the most easterly point in the orbit; it is the point on the eastern side of
the planet that is at maximum angular distance from the planet. Similarly the conjunctions are the times
when the satellite is at minimum angular distance from the planet. (For the Uranian satellites and the
satellite of Pluto the apparent orbital path is elongated in the north-south direction, and so it is more
convenient to use the northern and southern elongations, defined as the points of maximum angular distance
from the planet on the northern and southern sides of the planet, respectively.)
The position of the satellite relative to the planet can be expressed in several ways:
position angle P measured from North to the observer’s East, and angular distance s ,
angular distance in rectangular coordinates, X towards East and Y towards North.
These are related by:
s=√(X2+Y2),

tan P = X / Y

(1)
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We first describe in outline the traditional method of computing the apparent orbit, which is in use at present
for producing the tables in the AsA and HBAA. The orbital elements of the satellite are in most cases
referred to the equatorial plane of the planet, and the orientation of this is known relative to the Earth’s
equator. From these it is possible to determine angles N and J defining the orientation of the satellite’s orbit
plane relative to the Earth’s equator, and the angle W of the position of the satellite measured from the
ascending node, as shown in Figure 2. The orbital elements and details of the calculation of the angles
relative to the Earth’s equator are given in the revised Explanatory Supplement (1992). The right ascension
and declination of the north pole of the satellite’s orbit plane are given by α1 = N − 90°, δ1 = 90° − J.
Alternatively α1 and δ1 can be taken directly from the expressions for these quantities that are given in the
IAU Report on Cartographic Coordinates (1996). The only perturbations included in these IAU expressions
are the secular motions of the orbit planes, but they are sufficiently accurate for the present purpose. The
AsA states in its explanation that it uses these IAU expressions.
In Figure 3 the geometry of the satellite orbit plane, the Earth’s equator and the direction towards the Earth
from the planet are shown, plotted on the celestial sphere centred on the planet. The right ascension and
declination of the planet relative to the Earth are denoted by α and δ, and hence the Earth relative to the
planet is at 180°+α, −δ. The angles 180°+α, −δ, α1, δ1 are marked in the diagram. From these we can deduce
two of the sides and one of the angles in the spherical triangle formed by the pole of the orbit plane, the pole
of the Earth and the sub-Earth point. These are 90°−δ1, 90°+δ and 180°+α−α1 as marked in the diagram.
Then from the standard formulae for spherical trigonometry we can determine the other side and two angles
of the triangle, giving
cos D sin K = − cos δ1 sin δ + sin δ1 cos δ cos (α1 − α )
cos D cos K =
sin D

cos δ sin (α1 − α )

= − sin δ1 sin δ − cos δ1 cos δ cos (α1 − α )

cos D sin P =

cos δ1 sin (α1 − α )

cos D cos P =

sin δ1 cos δ − cos δ1 sin δ cos (α1 − α )

from which the angles D, K and P can be determined. P is the position angle of superior conjunction, and K
is the angle from the ascending node to the position of inferior conjunction.
The satellite will be at inferior conjunction, western elongation, superior conjunction or eastern elongation
when the satellite is at a position where W (defined in Figure 3) has the value K , K + 90°, K +180° or
K + 270° respectively. Calculation of the times of occurrence of these configurations involves calculating
the times at which the satellite has these particular values of the true longitude. This is easy to do if the
eccentricity and perturbations of longitude are ignored. However for many of the satellites that is not an
acceptable approximation, and then some suitable scheme of inverse interpolation will be needed to find the
time of the configuration. This will take into account the effect of eccentricity on the longitude of the
satellite. However it will not take into account the effect of eccentricity on the distance of the satellite from
the planet, and this will of course affect the apparent angular distance. Thus it is possible that the positions
calculated from these formulae for the elongations and conjunctions will not be precisely the positions at
which the satellite is at maximum or minimum apparent angular distances from the planet.
2.2 Construction of table of position angle and angular distance
It would take up far too much space in the almanacs to tabulate at observational precision the position angle
and apparent distance of the satellites throughout the whole year, or even just for the few months around
opposition. Instead the AsA and HBAA adopt a scheme of tabulating the position angle and scaled apparent
distance over just a single orbital revolution, and also a table of multiplying factors throughout the year that
have to be applied to the scaled angular distance. (The AsA splits the position angle into two components, p1
and p2, where p1 represents the variation over a single revolution, and p2 is a slowly varying correction term
tabulated over the whole year. However, as we describe in section 4 below, the use of this p2 term is
ineffectual, and it might just as well be omitted.)
To form this table we need to compute a table of position angle and angular distance values of the satellite at
a series of time steps covering one particular orbital revolution, starting from a time of eastern elongation
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(for the satellites of Uranus and Pluto in the AsA the starting point is a time of northern elongation). The
time step is chosen to be appropriate for each satellite, to permit linear interpolation between values. In the
explanation section of the AsA it is stated that the orbital parameters used for this single revolution are those
at the date of opposition of the planet. In Figure 3 we have marked the position of the satellite at an angle W
from the ascending node. We now consider the spherical triangle formed by the sub-Earth point, the
satellite, and the point of inferior conjunction. One of the angles is a right angle, and the two sides D and
W − K are known. Hence we can calculate the remaining side and two angles from the standard formulae of
spherical trigonometry. We actually only need the angles θ and σ, and these are obtained from:
sin σ sin θ = sin (W − K )
sin σ cos θ = sin D cos ( W − K )
cos σ

= cos D cos ( W − K )

We next calculate the position angle of the satellite. It can be seen from Figure 3 that this is given by:
Position angle = P + 180° + θ
Finally we calculate the angular distance of the satellite from the planet, as seen from the Earth. For this we
have to use the plane triangle formed by the planet, the Earth and the satellite, which is shown in Figure 4.
We can see from Figure 3 that the angle between the directions to the Earth and the satellite as seen from the
planet is σ. We denote by s the angle between the planet and satellite, as seen from the Earth, and denote by
r, ∆ and ∆ s the distances between the planet and satellite, the planet and the Earth, and the Earth and
satellite respectively. We obtain ∆ from the planetary ephemeris and r by calculating the position of the
satellite from its orbital elements. We can take with sufficient accuracy ∆ s = ∆. Then from the sine rule
formula we obtain
sin s = r sin σ / ∆ s ≅ r sin σ / ∆
Then, with sufficient accuracy, we have
s = r sin σ / ∆

radians.

We denote by a subscript zero the sets of values of the quantities s, r, σ and ∆ on the particular orbital
revolution selected for the table, and by a subscript t the values at some general time t in the year. So,
s0 = r0 sin σ0 / ∆0
In order to use s0 at time t we have to correct for the change in distance between the planet and the Earth,
and clearly to do this we must multiply s0 by ∆0 / ∆t.
Hence

st = s0 ∆0 / ∆t = ( s0 ∆0 / a ) × ( a / ∆t )

radians

where a is the semi-major axis of the satellite orbit, which has been inserted into the numerator and
denominator for convenience. The AsA and the HBAA tabulate the quantity ( s0 ∆0 / a ) over the single
selected orbital revolution. It is denoted by F in the AsA and by R in the HBAA. They provide a separate
tabulation over the whole year of the multiplying factor ( a / ∆t ). This multiplying factor is dimensionless,
but the AsA and HBAA include in it the conversion factor from radians to seconds of arc, and thus the
resulting value of st is in seconds of arc also.
From the above the expression for F is
F = s0 ∆0 / a = (r0 sin σ0 / ∆0 ) ∆0 / a = (r0 / a) sin σ0 .
In both the original and revised editions of the Explanatory Supplement (1992) it is stated that the
eccentricity of the satellite orbit is neglected, and hence r0 = a and F = sin σ0. This is indeed probably what
is done in the AsA for the satellites that have low orbital eccentricities, but it is not the case for Titan,
Hyperion and Iapetus, as a glance at the AsA tables shows values of F greater than 1.0, and in the HBAA
tables for Titan and Hyperion there are values of R greater than 1.0. The cause of this discrepancy is just
that over the years the methods used in the almanacs to calculate the data have been improved to include the
effect of the eccentricity of the orbit, but the explanation has not been fully updated.
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3. A simpler method
The above is the traditional method of computing times of elongations and conjunctions, and the data for the
tables of position angle and angular distance of the satellite. The method was devised in the days when
computing was done with logarithm tables and mechanical calculators, when it was well worthwhile to do
elaborate analytical developments in order to minimize the eventual computation. This is no longer an issue,
now that abundant computer power is readily available. We can now consider more straightforward methods
for many astronomical calculations, which may require more computer time than the traditional methods,
but will lead to simpler and therefore more maintainable computer programs.
For the computation of satellite positions we assume that as a starting point either we have available a set of
subroutines that evaluate the satellite position from the orbital elements and perturbations at any specified
time, or we use the mixed function data (see section 5 on Mixed Functions below). A useful source for the
orbital elements and perturbations, and the method of evaluation, is the revised Explanatory Supplement
(1992). (These are adequate for the purposes of this note, but only the larger perturbations are included, and
in some cases there are improved sets of orbital elements available, based on more recent observations. The
mixed function data incorporate these improved theories and elements, and should be used for precise
comparison with observations.) The Explanatory Supplement also gives the formulae needed to compute the
rectangular coordinates x,y,z of the satellite relative to the planet in astronomical units, in the reference
frame of the Earth equator and equinox of B1950, with the x and y axes in the equatorial plane (x axis
towards the equinox), and the z axis normal to the equatorial plane. Next apply precession to these
coordinates to refer them to the equator and equinox of the required epoch. (Previously the epoch of date has
been used, but we propose to use J2000. This is more convenient for modern observations, which use star
catalogue positions to determine the direction of North.) Let the current right ascension and declination of
the planet be α and δ. Then the differential coordinates X, Y of the satellite relative to the planet, referred to
axes lying in the tangent plane as shown in Figure 1, are
X = k ( y cos α − x sin α )

(2)

Y = k (z cos δ − x cos α sin δ − y sin α sin δ )
where k = ∆ / ( ∆ + x sin δ + y cos δ cos α + z cos δ sin α ) and ∆ is the current distance of the planet from
the Earth. The factor k is a correction from the actual line-of-sight distance of the satellite to the distance of
the tangent plane. Its value is very close to 1.0, and for most satellites this correction makes a negligible
difference to the calculated times of elongations and conjunctions. For Iapetus, however, the correction can
effect the calculated times of elongation by up to 0.9 hours.
X and Y will be in astronomical units, but can be converted to arc-seconds by multiplying by
3600×180/( π×∆ ). We thus obtain the differential coordinates X, Y of the satellite relative to the planet by
this means, or directly by evaluating the mixed function data if those are available.
3.1 Calculation of times of elongation and conjunction
The times of elongation and conjunction are tabulated in the AsA and HBAA to a precision of 0.1 hour. Our
simple method of computing these times is to start at the beginning of the required year, and take a time step
of 0.1 hour throughout the whole year. At each step we calculate X and Y as described above. Then from the
formulae in equation (1) we calculate the apparent angular distance s and position angle P. We pick out the
times at which s reaches a maximum or minimum. The times of maximum are the times of elongation, with
the eastern elongations being those for which X is positive and the northern elongations being those for
which Y is positive. The times of minimum are the times of conjunction. For a direct satellite the
conjunction following eastern elongation is inferior conjunction and the conjunction following northern
elongation is superior conjunction.
This computation at a step of 0.1 hour may seem extravagant, but in fact it is very rapid. There are obvious
methods of economizing, perhaps by taking a larger step initially to find approximate times of the
configurations, and by jumping in time by almost a quarter of a period after each configuration has been
found.
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Although the times of elongations and conjunctions are tabulated to a precision of 0.1 hour in the AsA,
HBAA, and some other almanacs, inter-comparison of these publications shows some differences of up to
about 1 hour. These are probably due to the use of slightly different sets of orbital elements and perturbation
models (termed the satellite orbit theory). For Titan a difference of 1 hour in the calculated time of
elongation corresponds to a difference of about 0.9° in the orbital longitude of the satellite, equivalent to a
displacement of its apparent position in the sky of about 3 arcsec. This is not of great consequence, as the
data are intended mainly for purposes of planning and identification.
However, comparison of times of elongation and conjunction computed by our proposed simple method
with those computed by the traditional method shows larger differences, up to 10 hours for Hyperion. We
find that the main cause of these differences is the partial neglect of the eccentricity of the orbit in the
traditional method. The effect of the eccentricity on the orbital longitude of the satellite is taken into
account, but the effect on the radial distance is not included. This is due to the limitations of spherical
trigonometry, which can only deal with circles and projections of circles. A secondary cause of the
differences of the two methods is the neglect in the traditional method of the variation of the distance of the
planet from the Earth during an orbital revolution of the satellite. We have found that this can cause
differences of about 0.5 hour to the times of maximum or minimum angular distance. In order to verify these
findings we have tested a modified version of our simple method, in which the radial distance of the satellite
is taken equal to the semi-major axis of the orbit, and the distance of the planet from the Earth is held at
some fixed value for a whole year. We then find almost exact agreement between configuration times
computed by the modified simple method and the traditional method, with just the occasional end-figure
differences of 0.1 hour.
The differences in the times of the configurations given by the traditional method and our simple method are
of no great practical significance, because these times are only used for broad planning of times when a
satellite will be easiest to observe, and an error of say 10 hours in the elongation time of Hyperion would not
have a significant effect on whether or not it was available for observation. However of the two methods we
consider that the configuration times given by our simple method are the better, as they refer to the actual
orbit rather than a projection of an idealized circular orbit.
3.2 Tables of position angle and angular distance
The AsA and HBAA give a table of position angle and scaled angular distance for each satellite, tabulated at
a suitable step (e.g., 10 hours for Titan) over a single orbital revolution starting from a time of eastern
elongation (or northern elongation for the satellites of Uranus and Pluto). This table can be used for every
orbital revolution in the year, by applying a separately tabulated multiplying factor to the distance. To form
this table over the single revolution using our simple method we calculate angular distance s and position
angle P at each time step from the formulae in equation 1. The scaled distance (denoted by F above) is
obtained by expressing s in radians, and multiplying by ∆/a, where ∆ is the current distance of the planet
from the Earth, and a is the semi-major axis of the satellite orbit. A separate table gives the multiplying
factors, which are values of the quantity a/∆ tabulated at a fairly wide interval (4 days for Titan).
In this way we can compute a table of position angle and scaled distance for any selected orbital revolution
in the year. The problem is which orbital revolution to choose for the table in the almanac. If we follow the
AsA and choose the orbital revolution that includes the date of opposition of the planet, then the table will
give a very good representation of the actual orbit for dates within one or two revolutions of opposition date,
but will be less accurate further away. If the date of opposition happens to be near the start or end of a year,
then it may be preferable to choose an orbital revolution near the middle of the year in order to give better
accuracy over the whole year. If there is no opposition of the planet in the year then the orbital revolution
including the date of mid-point of the year is chosen. In this note we choose the opposition date if there is
one, in order to give a valid comparison with the tables in the AsA and HBAA.
4. Accuracy of the tables of position angle and angular distance
As a test of our proposed simple method we have prepared tables of position angle and distance for Rhea,
Titan and Hyperion for the year 1999. These are in exactly the same form as those in the HBAA, using the
same truncation levels, namely to two decimal places in scaled angular distance and to one degree in
7/11

position angle. From these tables we have evaluated the position angle and angular distance at a step of 0.05
days throughout the year, and compared these with accurate quantities calculated from the mixed function
data. The differences for Rhea, Titan and Hyperion are plotted in Figures 5, 6 and 7 respectively in the plots
labeled ‘new method’. We have also used the tables published in the 1999 editions of the AsA and the
HBAA for a similar error analysis, and the resulting differences from the mixed function data are shown in
the plots labeled ‘AsA’ and ‘BAA’. (There is a gap in the BAA plot for Rhea in April-May, as the HBAA
does not give dates of eastern elongation for this satellite for the period that Saturn is in conjunction.)
We see that for each satellite the errors arising from using the tables produced by the AsA, BAA and the
new method are very similar throughout the year. The opposition date of Saturn in 1999 was 6th November,
and we see as expected that the tables are most accurate around this date. The errors in position angle and
angular distance are periodic in nature, with period equal to the orbital period, and amplitude increasing
away from the date of opposition. We conclude that the tables produced by the new method achieve very
similar results to the AsA and HBAA tables, and thus that they are a suitable replacement for them. We
comment that on comparing the plots of position angle errors from the three sets of tables, there is no
obvious overall slope in the plots of the new method and BAA compared to AsA. We mentioned earlier that
the AsA splits the position angle data into two components, p1 and p2, where p2 is a slowly varying
correction tabulated over the whole year. There is no evidence for such a signature of any significance in the
error plots, and thus we conclude that the p2 term is ineffectual and might as well be omitted from the tables.
5. Mixed Function Data
The variations of the tangent plane coordinates (X and Y in equation (2) converted to arc-seconds) are quasiperiodic in character. It was shown in the work of Chapront and Vu (1984) and Arlot et al (1986) that for the
major satellites of Jupiter, Saturn and Uranus these variations could be approximated by a sum of secular
and sinusoidal terms (mixed functions). This allows a compact representation of satellite ephemerides, with
the interval of representation for some satellites reaching a few periods of revolution. Since 1986 the Bureau
des Longitudes have published ephemerides for these satellites using mixed functions in a supplement to the
Connaissance des Temps. Subsequently ephemerides of the two Martian satellites were added to this yearly
publication.
Following a review of the contents of Section F of the Astronomical Almanac, it was decided by the UK and
US Nautical Almanac Offices that the mixed functions approach of representing satellite ephemerides
should be adopted. The approximation method was checked and analysed by Taylor (1995). Ephemeris data
and times of elongation and conjunction for the major satellites will be computed from the mixed function
representations for the tangent plane coordinates using the simple method described above. The ephemerides
in mixed function form will be made available on the Web.
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